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The	  sea-‐ice	  momentum	  equa<on	  
The momentum balance for sea-ice motion

The steady state 2-D momentum equation without acceleration and
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Note:	  wind	  speed	  generally	  much	  larger	  than	  sea-‐ice	  speed	  
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Introduc<on	  to	  rheology	  

1-‐D	  Example:	  

stress	  <	  criFcal	  value	   elasFc	  material	   deformaFons	  reversible	  

stress	  =	  criFcal	  value	   plasFc	  material	   deformaFons	  not	  reversible	  

stresses	  cannot	  be	  larger	  than	  criFcal	  value	  
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stress	  =	  criFcal	  value	   plasFc	  material	   deformaFons	  not	  reversible	  

stresses	  cannot	  be	  larger	  than	  criFcal	  value	  

BUT:	   storage	  and	  numerically	  expensive	  

sea	  ice	  modeled	  as	  viscous-‐plasFc	  material	  
(very	  viscous	  /	  creep	  flow)	  
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Cons<tu<ve	  law	  (i.e.,	  rela<on	  between	  stress	  and	  strain	  rate)	  and	  normal	  
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Jan Sedláček and Jean-François Lemieux

Yield Curve

ice	  strength	  parameter	  
ice	  concentraFon	  

ice	  concentraFon	  
parameter	  

ice	  thickness	  

strain	  rates	  

σij = 2ηε̇ij + [ζ − η]ε̇kkδij − Pδij/2

ε̇11 =
∂u

∂x
, ε̇22 =

∂v

∂y
, ε̇12 =

1

2

(

∂u

∂y
+

∂v

∂x

)

, ε̇kk = ε̇11 + ε̇22

P = P∗h exp[−C (1 − A)] (1)

ζ =
P

2∆
(2)

η = ζe−2 (3)

∆ = [(ε̇211 + ε̇222)(1 + e−2) + 4e−2ε̇212 + 2ε̇11ε̇22(1 − e−2)]
1
2 (4)

ζ = min

(

P

2∆
, ζmax

)

(5)

η = min

(

P

2e2∆
, ηmax

)

(6)

η = min

(

p sinφf
√

(ε̇11 − ε̇22)2 + 4ε̇212
, ηmax

)
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Jan Sedláček and Jean-François Lemieux

Yield Curve

σij = 2ηε̇ij + [ζ − η]ε̇kkδij − Pδij/2

ε̇11 =
∂u

∂x
, ε̇22 =

∂v

∂y
, ε̇12 =

1

2

(

∂u

∂y
+

∂v

∂x

)

, ε̇kk = ε̇11 + ε̇22

P = P∗h exp[−C (1 − A)] (1)

ζ =
P

2∆
(2)

η = ζe−2 (3)

∆ = [(ε̇211 + ε̇222)(1 + e−2) + 4e−2ε̇212 + 2ε̇11ε̇22(1 − e−2)]
1
2 (4)

ζ = min

(

P

2∆
, ζmax

)

(5)

η = min

(

P

2e2∆
, ηmax

)

(6)

η = min

(

p sinφf
√

(ε̇11 − ε̇22)2 + 4ε̇212
, ηmax

)
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Jan Sedláček and Jean-François Lemieux

Yield Curve

Kronecker	  Delta	  
bulk	  viscosity	   shear	  viscosity	  



Cons<tu<ve	  law	  (i.e.,	  rela<on	  between	  stress	  and	  strain	  rate)	  and	  normal	  
flow	  rule	  

σij = 2ηε̇ij + [ζ − η]ε̇kkδij − Pδij/2

ε̇11 =
∂u

∂x
, ε̇22 =

∂v

∂y
, ε̇12 =

1

2

(

∂u

∂y
+

∂v

∂x

)

, ε̇kk = ε̇11 + ε̇22

P = P∗h exp[−C (1 − A)] (1)

ζ =
P

2∆
(2)

η = ζe−2 (3)

∆ = [(ε̇211 + ε̇222)(1 + e−2) + 4e−2ε̇212 + 2ε̇11ε̇22(1 − e−2)]
1
2 (4)

ζ = min

(

P

2∆
, ζmax

)

(5)

η = min

(

P

2e2∆
, ηmax

)

(6)

η = min

(

p sinφf
√

(ε̇11 − ε̇22)2 + 4ε̇212
, ηmax

)
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Jan Sedláček and Jean-François Lemieux

Yield Curve

σij = 2ηε̇ij + [ζ − η]ε̇kkδij − Pδij/2

ε̇11 =
∂u

∂x
, ε̇22 =

∂v

∂y
, ε̇12 =

1

2

(

∂u

∂y
+

∂v

∂x

)

, ε̇kk = ε̇11 + ε̇22

P = P∗h exp[−C (1 − A)] (1)

ζ =
P

2∆
(2)

η = ζe−2 (3)

∆ = [(ε̇211 + ε̇222)(1 + e−2) + 4e−2ε̇212 + 2ε̇11ε̇22(1 − e−2)]
1
2 (4)

ζ = min

(

P

2∆
, ζmax

)

(5)

η = min

(

P

2e2∆
, ηmax

)

(6)

η = min

(

p sinφf
√

(ε̇11 − ε̇22)2 + 4ε̇212
, ηmax

)
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using:	  	  



…	  and	  now	  graphically	  

viscous	  flow	  

failure	  in	  shear	  

pure	  compression	  

outside	  yield	  curve:	  not	  physical	  



Brief	  history	  

1979:	  viscous-‐plasFc	  sea	  ice	  model	   outer	  loop	  
successive	  over-‐relaxaFon,	  linear	  relaxaFon	  

1992:	  cavitaFng	  sea-‐ice	  model	   only	  pressure	  

1997:	  elasFc-‐viscous-‐plasFc	  sea-‐ice	  model	   arFficial	  elasFc	  term	  
explicit	  
conjuate	  gradient	  



Difference	  SOR	  vs.	  GMRES	  

only	  for	  the	  linear	  solver	  



Outer	  loop	  convergence	  

KineFc	  energy	  



Outer	  loop	  convergence	  

10’500	  OL	  iteraFons	   2	  OL	  iteraFons	  

10	  OL	  iteraFons	   40	  OL	  iteraFons	  

KineFc	  energy	  



Removing	  discon<nuity	  
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Full	  Jacobian-‐free	  Newton-‐Krylov	  



Full	  Jacobian-‐free	  Newton-‐Krylov	  



The	  final	  result	  

the simulations with cnl ¼ 0:01 and cnl ¼ 0:001 at 10-km resolution were not performed. For each experiment, the number of
failures (convergence not achieved) and the mean CPU time (excluding failure cases) needed to reach the termination crite-
rion were calculated. The mean CPU time is the total CPU time needed by a nonlinear solver for a certain experiment divided
by the number of time steps in the 1-month integration (1488 time steps). Results of a certain experiment (e.g. 80 km,
cnl ¼ 0:1) with Stand-cap are then compared with results of the very same experiment (i.e., 80 km, cnl ¼ 0:1) with Stand-
tanh. A failure occurs when a solver is not able to reach the desired residual norm before the maximum number of iterations
is attained. For the standard solver, the maximum number of iterations is set to 2000.

Fig. 2(a) shows the ratios of the mean CPU times for Stand-cap and the mean CPU times for Stand-tanh as a function of
resolution. The different curves correspond to different values of cnl. Note that the curves for cnl ¼ 0:2 and cnl ¼ 0:1 are very
similar and overlay each other. The grey dashed line defines a CPU time ratio of 1.0, i.e., above this line the Stand-tanh solver
is more efficient than the Stand-cap solver. Fig. 3(a) shows the percentage of failures (number of failures "100/1488) as a
function of the resolution for the Stand-cap solver and Fig. 3(b) for the Stand-tanh solver. Note that a portion of these failures
are due to a very slow convergence rate (i.e., the solver would converge if the maximum number of iterations was higher).
The rest of the failures are cases for which the residual norm reaches a plateau (maybe a local minimum in the residual
norm) and does not decrease anymore. A test with the Stand-cap solver at 40-km resolution for cnl ¼ 0:001 shows that there
are 12 failures during the 1-month of integration when the maximum number of OL ðkmaxÞ is set to 5000 as opposed to 14 for
kmax ¼ 2000. We observe that having a continuously differentiable formulation of the viscous coefficients increases the com-
putational efficiency and decreases the number of failures. The computational gain associated with the hyperbolic tangent
slightly increases with resolution and with the quality of the approximate solution (as cnl decreases).
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Fig. 2. (a) CPU time needed by the Stand-cap solver divided by the CPU needed by the Stand-tanh solver for the residual to decrease by a factor of cnl as a
function of the resolution. (b) CPU time needed by the Stand-cap solver divided by the CPU needed by the JFNK solver for the residual to decrease by a factor
of cnl as a function of the resolution. The values of cnl are the same for both panels and are given in the legend of the left panel. The dashed grey lines indicate
a CPU time ratio of 1.

Fig. 1. Simulated velocity field on 7 January 1990 08Z. The JFNK solver is used with cnl ¼ 0:001. The spatial resolution is 10 km.
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We also compare the computational efficiency and robustness of the JFNK method to the ones of the Stand-cap solver.
Fig. 2(b) shows the ratios of the mean CPU times for the Stand-cap solver and the mean CPU times for the JFNK method as a func-
tion of the resolution. Again, the different curves correspond to different values of cnl. The grey dashed line defines a CPU time
ratio of 1.0, i.e., above this line the JFNK solver is more efficient than Stand-cap. Fig. 3(c) shows the percentage of failures as a
function of the resolution for the JFNK solver. For the JFNK solver, the maximum number of iterations is set to 1000.

Due to the limited length of the simulations (1 month: 1488 time steps), only qualitative conclusions should be drawn
about the failure rate results. Longer simulations would be needed to assess the exact values of the failure rates.

Fig. 2(b) shows that for all spatial resolutions, the computational gain of the JFNK solver over the standard solver in-
creases as cnl decreases. This means that the JFNK method is more and more efficient compared to the standard solver as
a better approximate solution is required. Also, at all spatial resolutions, the JFNK solver is significantly more efficient than
both Stand-cap and Stand-tanh solvers. Indeed, the JFNK solver is 3.0–6.6 times faster than Stand-cap (depending on the res-
olution and the required drop in the residual norm).

Fig. 3 shows that for both standard and JFNK solvers, the number of failures increases with the spatial resolution. The fact
that the number of failures increases as the grid is refined is related to sharper solution structures at high-resolution. Lem-
ieux and Tremblay [6] have shown that the largest errors with the standard solver are in zones of large sea ice deformations
(large velocity gradients). The JFNK method is also known to have convergence problems when the solution has sharp
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Fig. 3. Percentage of failures as a function of resolution for the Stand-cap (a), Stand-tanh (b) and the JFNK solver (c). A failure occurs when a solver is not
able to obtain a sufficient drop in the residual norm as defined by cnl . The values of cnl are the same for the three panels and are given in the legend of the
middle panel.

Fig. 4. Simulated shear deformation (capped at 0.2 day!1 for clarity) field on 7 January 1990 08Z. The JFNK solver is used with cnl ¼ 0:001. The spatial
resolution is 10 km.

2848 J.-F. Lemieux et al. / Journal of Computational Physics 229 (2010) 2840–2852

simulaFon	  with	  10	  km	  resoluFon	  

sea-‐ice	  velocity	   shear	  deformaFon	  
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